Stability of Euler-Lagrange type cubic functional equations in
  quasi-Banach spaces by Sintunavarat, Wutiphol et al.
ar
X
iv
:1
90
6.
03
01
0v
1 
 [m
ath
.FA
]  
7 J
un
 20
19
STABILITY OF EULER-LAGRANGE TYPE CUBIC FUNCTIONAL
EQUATIONS IN QUASI-BANACH SPACES
WUTIPHOL SINTUNAVARAT, NGUYEN VAN DUNG, AND ANURAK THANYACHAROEN
Abstract. In this paper, we study the generalized Hyers-Ulam stability of Euler-
Lagrange type cubic functional equation of the form
2mf(x+my) + 2f(mx− y) = (m3 +m)[f(x+ y) + f(x− y)] + 2(m4 − 1)f(y)
for all x, y ∈ X , where m is a fixed scalar such that m 6= 0, 1, and f is a map from a
quasi-normed space X to a quasi-Banach space Y over the same field with X by applying
the alternative fixed point theorem.
1. Introduction and preliminaries
A functional equation of the form
f(2x+ y) + f(2x− y) = 2f(x+ y) + 2f(x− y) + 12f(x) (1.1)
was introduced by Jun and Kim [4] which is said to be a cubic functional equation and
every solution of (1.1) is called a cubic function. One of the solutions of (1.1) is the
function f defined by f(x) = cx3 for all x ∈ R, where c is an arbitrary real constant. Jun
and Kim [4] also found the general solution of (1.1) on real vector spaces and investigated
its Hyers-Ulam stability problem on real Banach spaces.
A general form of the functional equation (1.1) was showed by Jun et al. [6] given by
f(ax+ y) + f(ax− y) = af(x+ y) + af(x− y) + 2a(a2 − 1)f(x) (1.2)
for a fixed integer a with a 6= 0, 1.
In 2007, Jun and Kim [5] investigated the generalized Hyers-Ulam stability problem for
Euler-Lagrange type cubic functional equation of the form
f(ax+ y) + f(x+ ay) = (a + 1)(a− 1)2[f(x) + f(y)] + a(a+ 1)f(x+ y) (1.3)
in quasi-Banach spaces, where a is a fixed integer with a 6= 0, 1.
In 2009, Najati and Moradlou [11] solved the general solution and considered the gen-
eralized Hyers-Ulam stability problem for Euler-Lagrange type cubic functional equation
of the form
2mf(x+my) + 2f(mx− y) = (m3 +m)[f(x+ y) + f(x− y)] + 2(m4 − 1)f(y) (1.4)
for all x, y ∈ X , where m is a fixed integer such that m 6= 0,±1, in Banach spaces and
left Banach modules over a unital Banach ∗-algebra. Also, the stability result for the
functional equation (1.4) was investigated by Saadati et al. [13] in the L-fuzzy normed
space and the non-Archimedean L-fuzzy normed space.
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Recall that the quasi-Banach space is an interesting generalization of a Banach space [7].
The stability of functional equations in quasi-Banach spaces was first studied by Najati
and Moghimi [10] and Najati and Eskandani [9]. Recently, some results on stability of
functional equations in quasi-Banach spaces were proved [3], [14]. The key difference
between a quasi-norm and a norm is that the modulus of concavity of a quasi-norm is
greater than or equal to 1, while that of a norm is equal to 1. This causes the quasi-
norm to be not continuous in general, while a norm is always continuous. Moreover, a
quasi-normed space is not normable in general.
In this paper, we investigate the generalized Hyers-Ulam stability of Euler-Lagrange
type cubic functional equation of the form
2mf(x+my) + 2f(mx− y) = (m3 +m)[f(x+ y) + f(x− y)] + 2(m4 − 1)f(y) (1.5)
for all x, y ∈ X , where m is a fixed scalar such that m 6= 0, 1 and f maps from a quasi-
normed space X to a quasi-normed space Y over the same field with X by applying the
alternative fixed point theorem.
Next, we introduce important definitions and some related results.
Definition 1.1 ([7]). Let X be a vector space over the field K (R or C). A function
‖ · ‖ : X → R+ is called a quasi-norm if it satisfies the following conditions:
(1) ‖x‖ = 0 if and only if x = 0;
(2) ‖rx‖ = |r| ‖x‖ for all r ∈ K and all x ∈ X ;
(3) there is a constant κ ≥ 1 such that ‖x+ y‖ ≤ κ (‖x‖+ ‖y‖) for all x, y ∈ X .
Also, (X, ‖·‖ , κ) is called a quasi-normed space. The smallest possible κ is called the
modulus of concavity of ‖·‖.
Definition 1.2 ([7]). The sequence {xn} in a quasi-normed space (X, ‖·‖ , κ) is convergent
to a point x in X if lim
n→∞
‖xn − x‖ = 0. If lim
n,m→∞
‖xn − xm‖ = 0, the sequence {xn} in X
is called a Cauchy sequence. The space (X, ‖·‖ , κ) is called quasi-Banach space if every
Cauchy sequence is convergent.
Definition 1.3 ([7]). The quasi-norm ‖·‖ is called a p-norm if there exists a number p
with 0 < p ≤ 1 such that
‖x+ y‖p ≤ ‖x‖p + ‖y‖p
for all x, y ∈ X . Also, (X, ‖·‖ , κ) is called p-Banach space if ‖·‖ is a p-norm and X is a
quasi-Banach space.
Definition 1.4. ([1]) Let X be a nonempty set, κ ≥ 1 and d : X × X → [0,∞) be a
function such that for all x, y, z ∈ X ,
(1) d(x, y) = 0 if and only if x = y;
(2) d(x, y) = d(y, x);
(3) d(x, y) ≤ κ (d(x, z) + d(z, y)).
Then d is called a b-metric on X and (X, d, κ) is called a b-metric space.
Definition 1.5. ([1]) The sequence {xn} in a b-metric space (X, d, κ) is convergent to a
point x in X if lim
n→∞
(xn, x) = 0. If lim
n,m→∞
(xn, xm) = 0, the sequence {xn} in X is called
Cauchy. The space (X, d, κ) is called complete if every Cauchy sequence is convergent.
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The following results involving a quasi-normed space with some p-norm are important
tools for proving main results in this paper.
Theorem 1.6 ([8]). Let (Y, ‖·‖Y , κY ) be a quasi-normed space, p = log2κY 2, and
|‖x‖|Y = inf


(
n∑
i=1
‖xi‖
p
Y
) 1
p
: x =
n∑
i=1
xi, xi ∈ Y, n ≥ 1

 (1.6)
for all x ∈ Y . Then ‖·‖Y is a quasi-norm on Y satisfying
|‖x+ y‖|pY ≤ |‖x‖|
p
Y + |‖y‖|
p
Y
and
1
2κY
‖x‖Y ≤ |‖x‖|Y ≤ ‖x‖Y (1.7)
for all x ∈ Y . In particular, the quasi-norm |‖·‖|Y is a p-norm, and if ‖·‖Y is a norm,
then p = 1 and |‖·‖|Y = ‖·‖Y .
Now, we recall the following fixed point theorem in complete generalized metric space.
Theorem 1.7 ([2], Theorem on page 306). Let (X, d) be a complete generalized metric
space and let T : X → X be a map satisfying d(Tx, Ty) ≤ Ld(x, y) for all x, y ∈ X and
for some 0 ≤ L < 1. Then for each x ∈ X, we have
(1) either d(T nx, T n+1x) =∞ for all n ∈ N,
(2) or the following assertions hold:
(a) lim
n→∞
T nx = x∗ where x∗ is a fixed point of T ;
(b) d(x, x∗) ≤ 1
1−L
d(x, Tx).
Remark 1.8. The conclusion (2a) was not stated in the original version but it is reduced
easily from the following inequality
d(x, x∗) = d(x, Tx∗) ≤ d(x, Tx) + d(Tx, Tx∗) ≤ d(x, Tx) + Ld(x, x∗)
for all x ∈ X .
Theorem 1.9 ([12]). Let (X,D, κ) be a b-metric space, p = log2κ 2 and
d(x, y) = inf
{
n∑
i=1
Dp(xi−1, xi) : x0 = x, x1, . . . , xn−1, xn = y ∈ X, n ∈ N
}
for all x, y ∈ X. Then d is a metric on X satisfying 1
4
Dp ≤ d ≤ Dp. In particular, if D
is a metric then d = D.
2. Main results
First, we construct a generalized metric from a given generalized b-metric as follows.
Theorem 2.1. Let (X,D, κ) be a generalized b-metric space, 0 < p ≤ 1 satisfying p =
log2κ 2, and
δ(x, y) = inf
{
n∑
i=1
Dp(xi−1, xi) : x0 = x, x1, . . . , xn−1, xn = y ∈ X, n ∈ N
}
(2.1)
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for all x, y ∈ X. Then δ is a generalized metric on X satisfying
1
4
Dp ≤ δ ≤ Dp. (2.2)
In particular, if D is a generalized metric, then δ = D.
Proof. For all x, y ∈ X , we find that 0 ≤ δ(x, y) ≤ ∞; δ(x, y) = δ(y, x) and δ(x, y) ≤
Dp(x, y).
We will show that for all x0 = x, x1, . . . , xn = y ∈ X ,
Dp(x, y) ≤ 2
[
Dp(x0, x1) + 2
n−2∑
j=1
Dp(xj , xj+1) +D
p(xn−1, xn)
]
(2.3)
by using the strong mathematical induction on n ≥ 2. For the case n = 2, we need to
prove that
Dp(x, y) ≤ 2 [Dp(x, x1) +D
p(x1, y)] (2.4)
for all x, x1, y ∈ X . For each x, y, z ∈ X , we have
D(x, y) ≤ κ [D(x, z) +D(z, y)] (2.5)
and so
D(x, y) ≤ 2κmax {D(x, z), D(z, y)} . (2.6)
Therefore
Dp(x, y) ≤ (2κ)pmax {Dp(x, x1), D
p(x1, y)}
= 2max {Dp(x, x1), D
p(x1, y)}
≤ 2[Dp(x, x1) +D
p(x1, y)]. (2.7)
Next, we suppose that (2.3) holds for all n ≤ k ∈ N−{1}. Let x = x0, x1, . . . , xk, xk+1 =
y ∈ X . We need to show that
Dp(x, y) ≤ 2
[
Dp(x0, x1) + 2
k−1∑
j=1
Dp(xj , xj+1) +D
p(xk, xk+1)
]
. (2.8)
We find that Dp(x, y) ≤ 2Dp(x0, y). So there exists
m = max
{
0, 1, . . . , k : Dp(x, y) ≤ 2Dp(xm, y)
}
.
If m = k then Dp(x, y) ≤ 2Dp(xk, y). Therefore (2.8) holds. So we may assume 0 ≤ m ≤
k − 1. It follows that Dp(x, y) > 2Dp(xm+1, y). By (2.5) we have
Dp(x, y) ≤ 2max {Dp(x, xm+1), D
p(xm+1, y)} .
It implies that
Dp(x, y) ≤ 2Dp(x, xm+1). (2.9)
If m = 0, then Dp(x, y) ≤ 2Dp(x, x1). Therefore (2.8) holds. So we may assume that
1 ≤ m ≤ k − 1. We find that
Dp(x, y) ≤ 2min {Dp(x, xm+1), D
p(xm, y)}
≤ Dp(x, xm+1) +D
p(xm, y). (2.10)
Now, applying the induction hypothesis for
x0 = x, x1, . . . , xm, xm+1 and xm, xm+1, . . . , xk, xk+1 = y
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yields
Dp(x, y) ≤ Dp(x, xm+1) +D
p(xm, y)
≤ 2
[
Dp(x0, x1) + 2
m−1∑
j=1
Dp(xj , xj+1) +D
p(xm, xm+1)
]
+2
[
Dp(xm, xm+1) + 2
k−1∑
j=m+1
Dp(xj , xj+1) +D
p(xk, xk+1)
]
= 2
[
Dp(x0, x1) + 2
k−1∑
j=1
Dp(xj, xj+1) +D
p(xk, xk+1)
]
.
Then (2.8) holds which complete the proof by induction on n of (2.3). From (2.1) we have
Dp(x, y) ≤ 4
[
Dp(x0, x1) +
n−2∑
j=1
Dp(xj , xj+1) +D
p(xn−1, xn)
]
= 4
n∑
j=1
Dp(xj−1, xj).
(2.11)
Then for all x, y, z ∈ X we obtain
Dp(x, y)
4
≤ δ(x, y) ≤ Dp(x, y). (2.12)
From (2.12) we find that δ(x, y) = 0 if and only if x = y. We will show the triangle
inequality of δ, that is,
δ(x, y) ≤ δ(x, z) + δ(z, y). (2.13)
For x, y, z ∈ X we consider the following cases.
Case 1. δ(x, y) = ∞. Suppose that δ(x, z) < ∞ and δ(z, y) < ∞. Then there exist
x∗0 = x, x
∗
1, . . . , x
∗
s = z, x
∗
s+1, . . . , x
∗
s+r = y such that
s∑
j=1
Dp(x∗j−1, x
∗
j) < δ(x, z) + 1
r∑
j=1
Dp(x∗s+j−1, x
∗
s+j) < δ(z, y) + 1.
We find that
∞ = δ(x, y)
= inf
{
n∑
i=1
Dp(xi−1, xi) : x0 = x, x1, . . . , xn−1, xn = y ∈ X, n ∈ N
}
≤
s+r∑
i=1
Dp(x∗j−1, x
∗
j )
≤
s∑
j=1
Dp(xj−1, xj) +
r∑
j=1
Dp(zj−1, zj)
< δ(x, z) + 1 + δ(z, y) + 1
< ∞
which is a contradiction. So δ(x, z) =∞ or δ(z, y) =∞. This proves that (2.13) holds.
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Case 2. δ(x, y) < ∞. If δ(x, z) = ∞ or δ(z, y) = ∞ then (2.13) holds. So we
may assume that δ(x, z) < ∞ and δ(z, y) < ∞. Then for each ǫ > 0, there exist
x∗0 = x, x
∗
1, . . . , x
∗
s = z and x
∗
s = z, x
∗
s+1, . . . , x
∗
s+r = y such that
s∑
i=1
Dp(x∗i−1, x
∗
i ) < δ(x, z) +
ǫ
2
s+r∑
i=s+1
Dp(x∗i−1, x
∗
i ) < δ(z, y) +
ǫ
2
.
We find that
δ(x, y) = inf
{
n∑
i=1
Dp(xi−1, xi) : x0 = x, x1, . . . , xn−1, xn = y ∈ X, n ∈ N
}
≤
s+r∑
i=1
Dp(x∗i−1, x
∗
i )
=
s∑
i=1
Dp(x∗i−1, x
∗
i ) +
s+r∑
i=s+1
Dp(x∗i−1, x
∗
i )
< δ(x, z) +
ǫ
2
+ δ(z, y) +
ǫ
2
= δ(x, z) + δ(z, y) + ǫ.
Letting ǫ→ 0+, we get
δ(x, y) ≤ δ(x, z) + δ(z, y).
This proves that (2.13) holds.
Finally, if D is a generalized metric then p = 1. Then for all x, y ∈ X and x0 =
x, x1, . . . , xn = y we have D(x, y) ≤
∑n
i=1D(xi−1, xi). This implies that D(x, y) ≤ δ(x, y).
So we have δ = D. 
Next, we present the following fixed point theorem which is an analogue of Theorem 1.7
in generalized b-metric spaces. This result is an important tool to formulate our stability
results.
Theorem 2.2. Let (X,D, κ) be a complete generalized b-metric space and T : X → X be
a map satisfying D(Tx, Ty) ≤ LD(x, y) for all x, y ∈ X and some 0 ≤ L < 1. Then for
each x ∈ X, we have
(1) either D(T nx, T n+1x) =∞ for all n ∈ N,
(2) or the following assertions hold:
(a) lim
n→∞
T nx = x∗ where x∗ is a fixed point of T ;
(b) there exists N such that for all n > N ,
D(T nx, x∗) ≤
( 4
1− L
) 1
pD(TNx, TN+1x).
Proof. Let δ be defined by (2.1). Then by Theorem 2.1, δ is a generalized metric on X
satisfying 1
4
Dp ≤ δ ≤ Dp. Since (X,D, κ) is a complete generalized b-metric space, we find
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that (X, δ) is a complete generalized metric space. For all x, y ∈ X , x0 = x, x1, . . . , xn =
y ∈ X and n ∈ N we have
δ(Tx, Ty) = inf
{
n∑
i=1
Dp(yi−1, yi) : y0 = Tx, y1, . . . , yn−1, yn = Ty ∈ X, n ∈ N
}
≤
n∑
i=1
Dp(Txi−1, Txi)
≤ Lp
n∑
i=1
Dp(xi−1, xi).
This implies that
δ(Tx, Ty) ≤ Lp inf
{
n∑
i=1
Dp(xi−1, xi) : x = x0, x1, . . . , xn = y ∈ X, n ∈ N
}
= Lpδ(x, y).
Note that 0 ≤ Lp < 1. So applying Theorem 1.7 for the map T on the complete generalized
metric space (X, δ), we have
(1) either δ(T nx, T n+1x) =∞ for all n ∈ N,
(2) or the following assertions hold:
(a) lim
n→∞
T nx = x∗ in (X, δ), where x∗ is a fixed point of T ;
(b) δ(x, x∗) ≤ 1
1−L
δ(x, Tx).
By (2.2) we find that
(1) either D(T nx, T n+1x) =∞ for all n ∈ N, or
(2) lim
n→∞
T nx = x∗ in (X,D, κ), where x∗ is a fixed point of T .
Moreover by (2.2) we have for all n > N ,
D(x, x∗) ≤ 4
1
p δ
1
p (x, x∗) ≤
( 4
1− L
) 1
p δ
1
p (x, Tx) ≤
( 4
1− L
) 1
pD(x, Tx).

Next, we will investigate the stability of an Euler-Lagrange type cubic functional equa-
tion (1.5) on quasi-normed spaces by applying Theorem 2.2 with the following remark.
Remark 2.3. Let X and Y be two vector spaces over the same field. If f : X → Y
satisfies (1.5), then f(0) = 0. Moreover, by choosing y = 0 in (1.5), we get
f(mx) = m3f(x)
for all x ∈ X .
Theorem 2.4. Let (X, ‖.‖X , κX) be a quasi-normed space, (Y, ‖.‖Y , κY ) be a quasi-Banach
space over the same field with X, φ : X2 → [0,∞) be a function and f : X → Y be a map
with f(0) = 0. Suppose that the following conditions hold:
(1) there are 0 ≤ L < 1 and m is a scalar with m 6= 0, 1
φ(mx,my) ≤ L|m|3φ (x, y) ; (2.14)
for all x, y ∈ X.
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(2)∥∥2mf(x+my) + 2f(mx− y)− (m3 +m)[f(x+ y) + f(x− y)] −2(m4 − 1)f(y)∥∥
Y
≤ φ(x, y). (2.15)
for all x, y ∈ X
Then there exists a unique map q : X → Y satisfying (1.5) and
‖f(x)− q(x)‖Y ≤
(
4
1− Lp
) 1
p 1
2 |m|3
φ(x, 0) (2.16)
for all x ∈ X with p = log2κY 2.
Proof. Let S = {g : X → Y }. Define a function d : S × S → [0,∞) as follows
d(g, h) = inf{c ≥ 0 : ‖g(x)− h(x)‖Y ≤ cφ(x, 0) for all x ∈ X}
for all g, h ∈ S, where inf ∅ =∞. First, we will show that d is a generalized b-metric. Let
g, h, u ∈ S. It is easy to see that d(g, h) = d(h, g). Now, if g = h then d(g, h) = 0. Note
that ‖g(x)−h(x)‖Y ≤ d(g, h)φ(x, 0) for all x ∈ X . If d(g, h) = 0, then ‖g(x)−h(x)‖Y = 0,
that is, g(x) = h(x) for all x ∈ X . Then g = h. Here, we will claim the last property of
a generalized b-metric. For each x ∈ X , we have
‖g(x)− u(x)‖Y ≤ d(g, u)φ(x, 0) and ‖u(x)− h(x)‖Y ≤ d(u, h)φ(x, 0).
It follows that for all x ∈ X ,
‖g(x)− h(x)‖Y ≤ κY
(
‖g(x)− u(x)‖Y + ‖u(x)− h(x)‖Y
)
≤ κY
(
d(g, u) + d(u, h)
)
φ(x, 0). (2.17)
So we have
d(g, h) ≤ κY
(
d(g, u) + d(u, h)
)
.
Therefore, d is a generalized b-metric with the coefficient κY on S.
Next, we will show that (S, d, κY ) is complete. Let {fn} be a Cauchy sequence in
(S, d, κY ). Then we have lim
n,m→∞
d(fn, fm) = 0. Note that for all x ∈ X , we have
‖fn(x)− fm(x)‖Y ≤ d(fn, fm)φ(x, 0). (2.18)
Then lim
n,m→∞
‖fn(x) − fm(x)‖Y = 0. It implies that {fn(x)} is a Cauchy sequence in
(Y, ‖.‖Y , κY ). Since (Y, ‖.‖Y , κY ) is quasi-Banach, there exists lim
n→∞
fn(x) = y in (Y, ‖.‖Y , κY ).
Put g(x) = y, we have the map g : X → Y . We will show that lim
n→∞
fn = g in (S, d, κY ).
Indeed, for each ǫ > 0 there exists n0 such that d(fn, fm) < ǫ for all n,m ≥ n0. So
from (2.18), for all x ∈ X and n,m ≥ n0 we have
‖fn(x)− fm(x)‖Y ≤ ǫφ(x, 0). (2.19)
Letting m→∞ in (2.19) we get for all x ∈ X and n ≥ n0,
‖fn(x)− g(x)‖Y ≤ ǫφ(x, 0).
This implies that d(fn, g) ≤ ǫ for all n ≥ n0. So lim
n→∞
fn = g in (S, d, κY ). Then (S, d, κY )
is complete.
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Next, letting y = 0 in (2.15) and using f(0) = 0, we get
φ(x, 0) ≥
∥∥2mf(x) + 2f(mx)− (m3 +m)[f(x) + f(x)] −2(m4 − 1)f(0)∥∥
Y
=
∥∥2f(mx)− 2m3f(x)∥∥
Y
(2.20)
for all x ∈ X . It yields that ∥∥∥∥f(mx)m3 − f(x)
∥∥∥∥
Y
≤
φ(x, 0)
2 |m|3
(2.21)
for all x ∈ X . Define a map T : S → S by (Tg)(x) = g(mx)
m3
for all g ∈ S and all x ∈ X .
Let g, h ∈ S. By (2.14), we have
‖(Jg)(x)− (Jh)(x)‖ =
∥∥∥∥g(mx)m3 − h(mx)m3
∥∥∥∥
Y
=
1
|m|3
‖g(mx)− h(mx)‖Y
≤
d(g, h)
|m|3
φ(mx, 0)
≤
d(g, h)
|m|3
L|m|3φ(x, 0)
= Ld(g, h)φ(x, 0).
So we get
d(Jg, Jh) ≤ Ld(g, h)
for all g, h ∈ S. Note that 0 ≤ L < 1. By Theorem 2.2, for each g ∈ S, we have
(1) either d(T ng, T n+1g) =∞ for all n ∈ N,
(2) or the following assertions hold:
(a) lim
n→∞
T ng = q where q is a fixed point of T ;
(b) d(g, q) ≤
(
4
1−L
) 1
pd(g, Tg).
From (2.21), we have for all x ∈ X , ‖Tf(x)− f(x)‖Y ≤
φ(x,0)
2|m|3
. So d(Tf, f) ≤ 1
2|m|3
<∞.
This shows that if we choose g = f then
(1) lim
n→∞
T nf = q.
(2) d(f, q) ≤
(
4
1−L
) 1
pd(f, Tf).
So we find that
d(f, q) ≤
( 4
1− L
) 1
pd(f, Tf) ≤
( 4
1− L
) 1
p
1
2|m|3
.
Then for all x ∈ X , ‖f(x)− q(x)‖Y ≤
(
4
1−Lp
) 1
p 1
2|m|3
φ(x, 0). That is (2.16) holds.
Next, we will prove that q is cubic by using the continuity of |‖.‖|Y . For each x ∈ X ,
note that (Tf)(x) = f(mx)
m3
. So
(T 2f)(x) =
Tf(mx)
m3
=
f(m2x)
m3.2
, · · · , (T nf)(x) =
f(mnx)
m3n
.
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So, by (1.7), (2.14) and (2.15), we have for all x, y ∈ X ,
|‖2mq(x+my) + 2q(mx− y)− (m3 +m)[q(x+ y) + q(x− y)]− 2(m4 − 1)q(y)‖|pY
= |‖2m lim
n→∞
(T nf)(x+my) + 2 lim
n→∞
(T nf)(mx− y)
−(m3 +m)[ lim
n→∞
(T nf)(x+ y) + lim
n→∞
(T nf)(x− y)]− 2(m4 − 1) lim
n→∞
(T nf)(y)‖|pY
= lim
n→∞
|‖2m(T nf)(x+my) + 2(T nf)(mx− y)− (m3 +m)[(T nf)(x+ y) + (T nf)(x− y)]
−2(m4 − 1)(T nf)(y)‖|pY
= lim
n→∞
|‖2m
f(mnx+mn+1y)
m3n
+ 2
f(mn+1x−mny)
m3n
−(m3 +m)[
f(mnx+mny)
m3n
+
f(mnx−mny)
m3n
]− 2(m4 − 1)
f(mny)
m3n
‖|pY
= lim
n→∞
1
|m|3np
|‖2mf(mnx+mn+1y) + 2f(mn+1x−mny)
−(m3 +m)[f(mnx+mny) + f(mnx−mny)]− 2(m4 − 1)f(mny)‖|pY
≤ lim
n→∞
1
|m|3np
‖2mf(mnx+mn+1y) + 2f(mn+1x−mny)
−(m3 +m)[f(mnx+mny) + f(mnx−mny)]− 2(m4 − 1)f(mny)‖pY
≤ lim
n→∞
1
|m|3np
φp(mnx,mny)
≤ lim
n→∞
Lnp |m|3np
|m|3np
φp(x, y)
= lim
n→∞
Lnpφp(x, y)
= 0.
This implies that for all x, y ∈ X ,
2mg(x+my) + 2g(mx− y)− (m3 +m)[g(x+ y) + g(x− y)]− 2(m4 − 1)g(y) = 0.
So q is satisfying (1.5). By Lemma ??, we have q is a cubic map.
Finally, we prove the uniqueness of q. Suppose that h : X → Y is also a cubic
map satisfying (2.16). We need to show that h = q. It follows from Remark 2.3 that
q(mx) = m3q(x) and h(mx) = m3h(x). By using (1.7), (2.14) and (2.16), for each n ∈ N,
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we get
|‖q(x)− h(x)‖|pY =
∣∣∣∣
∥∥∥∥q(mnx)m3n − h(m
nx)
m3n
∥∥∥∥
∣∣∣∣
p
Y
=
1
|m|3np
|‖q(mnx)− h(mnx)‖|pY
=
1
|m|3np
|‖q(mnx)− f(mnx) + f(mnx)− h(mnx)‖|pY
≤
1
|m|3np
(
|‖q(mnx)− f(mnx)‖|pY + |‖f(m
nx)− h(mnx)‖|p
Y
)
≤
1
|m|3np
(
‖q(mnx)− f(mnx)‖pY + ‖f(m
nx)− h(mnx)‖pY
)
≤
1
|m|3np
( 4
1− Lp
1
2|m|3p
φp(mnx, 0) +
4
1− Lp
1
2|m|3p
φp(mnx, 0)
)
=
4
(1− Lp)|m|3(n+1)p
φp(mnx, 0)
≤
4
(1− Lp)|m|3(n+1)p
L|m|3npφp(x, 0)
=
4L
(1− Lp)|m|3np
φp(x, 0).
Note that 0 ≤ L < 1 and p = 2 log2κ 2. So letting n → ∞, we get |‖q(x)− h(x)‖|
p
Y = 0
for all x ∈ X . This proves that h = q. 
Corollary 2.5. Let X be a quasi-normed space, Y be a quasi-Banach space over the same
field with X and f : X → Y be a map with f(0) = 0. Suppose that there are a positive
real number λ, a real number s < 3 and a real number m 6= 0, 1 with |m|s − 3 < 1 such
that ∥∥2mf(x+my) + 2f(mx− y)− (m3 +m) [f(x+ y) + f(x− y)]− 2(m4 − 1)f(y)∥∥
Y
≤ λ (‖x‖s + ‖y‖s) . (2.22)
for all x, y ∈ X − {0}. Then there exists a unique map q : X → Y satisfying (1.5) and
‖f(x)− q(x)‖Y ≤
(
4
1− |m|s−3
) 1
p λ
2 |m|3
‖x‖s (2.23)
for all x ∈ X, where p = log2κ 2.
Proof. Define a map φ : X2 → [0,∞) by
φ(x, y) :=
{
0, if x = 0 or y = 0;
λ (‖x‖s + ‖y‖s) , otherwise.
Next, we will show that
φ(mx,my) ≤ L|m|3φ(x, y)
for all x, y ∈ X , where L := |m|s−3 ∈ [0, 1). Let x, y ∈ X . If x = 0 or y = 0, then
φ(mx,my) = 0 ≤ L|m|3φ(x, y).
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If x 6= 0 and y 6= 0, then we have
φ(mx,my) = λ (‖mx‖s + ‖my‖s)
= λ|m|s (‖x‖s + ‖y‖s)
= L|m|3φ(x, y).
Now, all conditions in Theorem 2.4 hold. Therefore, we obtain this result. 
Next we exemplify that Theorem 2.4 is better than [11, Theorem 3.1].
Example 2.6. Let X = Y = L
1
2 [0, 1] with
L
1
2 [0, 1] =
{
x : [0, 1]→ R : |x|
1
2 is Lebesgue integrable
}
and
‖x‖X = ‖x‖Y =
(∫ 1
0
|x(t)|
1
2dt
)2
for all x ∈ L
1
2 [0, 1]. Define f(x) = x3 + x for all x ∈ X and for some integer m 6= 0,±1,
φ(x, y) := |2m(1−m)|
(∫ 1
0
|x(t) +my(t)|
1
2 dt
)2
.
Then we have
(1) (X, ‖.‖X , κX) and (Y, ‖.‖Y , κY ) are real quasi-Banach spaces with κX = κY = 2.
(2) Theorem 2.4 is applicable to f and φ, while [11, Theorem 3.1] is not applicable to
f and φ.
Proof. (1). See [8, Example 1].
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(2). We find that p = log4 2 =
1
2
. For all x, y ∈ X , we also have∥∥2mf(x+my) + 2f(mx− y)− (m3 +m)[f(x+ y) + f(x− y)]− 2(m4 − 1)f(y)∥∥
Y
=
( ∫ 1
0
|2m(x(t) +my(t))3 + 2m(x(t) +my(t)) + 2(mx(t)− y(t))3 + 2(mx(t)− y(t))
−(m3 +m)[(x(t) + y(t))3 + (x(t) + y(t)) + (x(t)− y(t))3 + (x(t)− y(t))]
−2(m4 − 1)[y(t)3 + y(t)]|
1
2dt
)2
=
(∫ 1
0
∣∣2m[x3(t) + 3mx2(t)y(t) + 3m2x(t)y2(t) +m3y3(t) + x(t) +my(t)]
+2[m3x3(t)− 3m2x2(t)y(t) + 3mx(t)y2(t)− y3(t) + x(t)−my(t)]
−(m3 +m)[x3(t) + 3x2(t)y(t) + 3x(t)y2(t) + y3(t) + x(t) + y(t)]
−(m3 +m)[x3(t)− 3x2(t)y(t) + 3x(t)y2(t)− y3(t) + x(t)− y(t)]
−2(m4 − 1)[y3(t) + y(t)] |
1
2 dt
)2
=
(∫ 1
0
∣∣(2m− 2m3)x(t) + (2m2 − 2m4)y(t)∣∣ 12 dt)2
= |2m(1−m)|
(∫ 1
0
|x(t) +my(t)|
1
2 dt
)2
= φ(x, y).
Note that
φ(mx,my) = |2m(1−m)|
(∫ 1
0
∣∣mx(t) +m2y(t)∣∣12 dt)2
= |m||2m(1−m)|
(∫ 1
0
|x(t) +my(t)|
1
2 dt
)2
= L|m|3φ(x, y).
Then all assumptions of Theorem 2.4 are satisfied. So Theorem 2.4 is applicable to f
and φ.
Note that X and Y are not normable. So [11, Theorem 3.1] is not applicable to f
and φ. 
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